Fracture mechanics and crack propagation problems have been widely studied by the scientific community in recent years, because crack growth phenomenon can explain the failure of structures. In order to model accurately the structural behaviour of complex engineering structures, including complex geometries and boundary conditions, numerical techniques are required. In this regard, the boundary element method (BEM) has been widely used to solve complex engineering problems, especially those where its mesh dimension reduction includes advantages on the modelling. This paper addresses the analysis of crack propagation in quasi-brittle materials using an alternative BEM formulation. In this type of problem, the damaged zone ahead of the crack tip is modelled based on the fictitious crack model. Therefore, the residual resistance of the damaged zone is represented by cohesive stresses, which tends to close the crack faces. The alternative BEM formulation proposed aims at modelling the cohesive stresses using the domain term of the direct integral representation. This term is modified, in order to be non null only at the fictitious crack path. As a result of the domain term manipulation, appears a dipole of stresses, which will govern the cohesive stresses. It leads a nonlinear formulation, where the cohesive stresses are determined according the crack opening displacement. In this paper, the nonlinear problem is solved using a tangent operator, which includes the nonlinear laws into the algebraic BEM equations. This operator is derived considering linear, bi-linear and exponential cohesive laws. The results achieved by the proposed formulation are compared with experimental and numerical results in order to validate and prove its robustness and accuracy.
Introduction
The linear elastic fracture mechanics is correctly applied when the size of the fracture process zone (FPZ) in front of the crack tip is small compared to the size of the crack and the size of the specimen, as observed in brittle bodies. When quasi-brittle materials are considered, other models must be used to take into account the behaviour of the FPZ. The cohesive crack model is the simplest of such nonlinear fracture mechanics models. Considering the cohesive crack model, the propagation is governed by a traction-displacement relation across the crack faces near the tip. This model was introduced in the early sixties for ductile materials by Barenblatt [1] and Dugdale [2] . In the late seventies, Hillerborg et al. [3] introduced the concept of fracture energy into the cohesive crack model and proposed a number of traction-displacement relationships for concrete.
Cohesive crack model has been included in several numerical methods as boundary element method (BEM), mesh less methods and finite element method (FEM). Several algorithms have been proposed in order to solve the nonlinearity coming from the FPZ [4] . When cohesive crack growth is simulated, one of the most significant difficulties that arise is the requirement of mesh's conformity to the geometry of the crack. It needs remeshing procedures during crack propagation, leading a high computational cost for large and complexes geometries and boundary conditions. In this regard, FEM is not a numerical technique completely adapted to solve this problem. Due to its domain mesh, the remeshing procedure is not a simple task. Moreover, FEM requires a very fine mesh in order to represent the stress singularity at the crack tip, leading the construction of large stiffness' matrix and, consequently, low performance. Despite these difficulties, there are some works in literature associating the cohesive crack growth problem to FEM, as presented by [5] .
On the other hand, BEM has been extensively used to solve many problems in engineering, especially those related to fracture mechanics. In such problems, this numerical method requires only boundary and crack surface discretizations. Then, remeshing difficulties are considerable avoided. Moreover, compared to domain mesh approaches, BEM is more efficient, particularly in solving mixed mode crack propagation problems, due to its efficiency in stress concentration modelling and mesh reduction aspects [6, 7] .
BEM has been used by many researchers in order to handle cohesive crack growth modelling. Among them, it is worth to mention [8] , where the dual BEM formulation was used to simulate cohesive mixed mode crack growth in plane structures composed by concrete. [9] used the single domain dual boundary element formulation as a boundary element approach. In this formulation, the cohesive zone is incorporated into the formulation, resulting in a nonlinear problem. The multi-domain BEM and the symmetric Galerkin BEM were used by [10] and [11] , respectively, for analyses of cohesive crack growth.
During decades, numerical methods have been used and regarded as suitable tools to predict the fracture and failure of engineering structures, leading the creation of a science denominated computational fracture mechanics. Due to the large advances in the field of science and engineering, the need to analyse larger and more complex structures in numerical form has become a challenger issue. Therefore, the development of numerical tools and more efficient algorithms regarding the computational cost and accuracy of results is quite essential. In this context, this paper presents an alternative BEM formulation based on dipoles of stresses applied to model cohesive crack propagation. The proposed formulation aims at modelling the cohesive stresses, on the fictitious crack, using the domain term of the direct BEM integral representation. This term is modified, in order to be non null only at the fictitious crack path. As a result of the domain term manipulation, appears a dipole of stresses, which will govern the cohesive stresses. This formulation solves the crack growth problem using three algebraic equations per source point positioned at the crack path. By comparing it with the classical dual BEM, that uses four algebraic equations per crack source point, it is a great advantage.
The proposed formulation is nonlinear, since the cohesive stresses are determined according the crack opening displacement values. In this work, the nonlinear problem is solved using a tangent operator. This kind of operator includes the nonlinear laws into the algebraic BEM equations, leading a faster and accurate solution. The tangent operator was derived for linear, bi-linear and exponential cohesive laws, which are the main contribution of this paper. In order to compare the performance of the tangent operator, the nonlinear problem was also solved by the classical approach, in which the corrections into the cohesive crack stresses are performed by applying a non-equilibrated stress vector and keeping constant all relevant matrices. The results achieved by the proposed formulation are compared with experimental and numerical ones, in order to validate and prove its robustness and accuracy.
BEM integral equations
Considering an elastic body with domain Ω and boundary Γ subjected to an initial stress field 0 jk σ acting into the domain, the following integral representation can be written, as presented by [12] 0 * * 0 * 0 [12] . 0 Ω is the initial stress region, which for the problem studied represents the FPZ. The initial stress region is a wide thin region limited by a boundary In order to develop the cohesive fracture formulation, the initial stress integral shown in Eq. (1) has to be conveniently manipulated. Initially, it can be integrated over the initial stress region leading to , , ,
where S + and S − are field points positioned at boundaries 1 C Γ and 2 C Γ , respectively. Assuming that the width of initial stress region is too small compared to its length; then, the kernels defined at S + and S − can be rewritten for the middle path of the region S . Therefore, these kernels can be redefined using Taylor series expansion as follows
Considering the expansion terms presented by Eq. (4), it can be used to rewrite Eq. (3) as
* 01
Assuming that
The domain integral presented on right hand side of Eq. (2), which includes stress derivatives, must also be treated. This integral term can be transformed into integrals written on boundaries 1 C Γ and 2 C Γ . In this regard, the width of the initial stress region is assumed as thin enough if compared to its length. Therefore, the stress' variation along direction 1 x is null. Therefore
in which k t contains the outward normal components along 2 .
x Based on these assumptions, the domain integral presented on right hand side of Eq. (2) can be rewritten as
Equation (8) 
As the width of the initial stress zone is small, the first term on right hand side of Eq. (9) 
In order to avoid the local aspect of this deduction, Eq. (11) can be finally rewritten as
Until now, a domain integral defined over any thin zone was transformed into a line integral. Based on this formulation, stress and displacement analyses for domains where nonlinear behaviours are assumed inside particular narrow regions can be performed. For instance, crack growth analysis in which cohesive stresses are assumed over a finite strip.
Although a numerical algorithm based on the definition of a thin finite process zone could be derived, as shown above, the nonlinear zone must be wide enough to guarantee initial stress finite values. When the thickness goes to zero, infinite initial stresses are required due to the nature of the problem. Thus, in order to write a proper integral term for which the strip thickness is assumed as zero, a new tensor, denominated dipole, must be defined. Therefore 
In order to derive the stress integral representation, a similar development can be followed. In this regard, Eq. (14) has to be derived and the Hooke´s law applied. This procedure leads to 
Other parameters widely important for modelling fracture mechanics problems are the crack opening displacements. Regarding the proposed formulation, it can be obtained from Eq. (14), which has to be applied for collocation points taken over the dipole line, where discontinuities of displacements and stresses will appear. This equation has to be written for points symmetrically positioned at S + and S − , as indicated in Fig. (1) . As a result, different displacement representations are achieved for these points. By subtracting them, the crack opening displacements are obtained as follows ( )
It is worth to stress that the presence of dipoles lead to a displacement discontinuity. In Eq. (18), 
Algebraic equations
In previous section, the integral representations with additional terms for modelling stress and displacement discontinuities were derived. The boundary discretization leads to the known matrices H and G, which take into account boundary displacements and tractions. The remaining term can also be written into its algebraic form if the variable m j q is assumed to be approximate by standard shape functions along the crack line. After discretizing the whole crack path by elements and performing properly the integrals over them, Eq. (14) 
Solution technique
The cohesive crack propagation problem can be solved using Eq. (21) and Eq. (22). The first one leads the solution of boundary values whereas the second equation allows the determination of stresses and displacements at crack surfaces. It is worth to stress that boundary values are determined since dipoles' values in equilibrium configuration are achieved.
The dipoles are calculated in the context of nonlinear solutions, which are performed in incremental form. In this regard, the exceeding stresses are reapplied on the structure and a dipoles variation is determined, as presented in Eq. (22). As a result of this dipoles variation, the crack opening displacements variation is determined (Eq. (18) ), which lead a new stress state of equilibrium. This last one is compared with the stresses due to the external loading. The differences between these two stresses' state are reapplied until the residual stresses vector norm be smaller than a specified tolerance, indicating the convergence. This classical procedure is known as constant operator, since all relevant matrices are kept constant during the iterative process. However, this procedure may need too many iterations to achieve the convergence. In order to reduce the amount of required iterations, other numerical procedures can be adopted. The tangent operator is one of them.
In order to derive the tangent operator for dipoles' formulation, Eq. (22) has to be rewritten into its incremental form. Then
in which the subscript n indicates the current load step. The nonlinear problem is solved considering a Newton-Raphson scheme, then, using prevision and correction steps. In order to determine the corrections required for achieving the equilibrium condition, the equation above has to be represented using a Taylor series. Therefore
in which o represents high order terms and the superscript i indicates the current iteration.
At the equilibrium condition, Eq. (24) must be null. In this regard, the equation above can be rewritten for this condition considering only the first two terms of Taylor expansion. Then
Therefore, it is possible to calculate the dipoles' variation based on the stress residuum of the current iteration and on the derivative of Y. The term that relates the derivative of Y with respect of Q is denominated tangent operator. It can be explicated as
It is worth to mention that σ and Q are described on global coordinates, whereas w ∆ is described on local coordinates. Therefore, in order to determine the crack opening displacements, both σ and Q must to be described into local coordinates, as shown in Fig. 2 . The transformation of coordinates, global to local and vice-versa, is performed considering the rotation matrix presented below ( ) 
Thus, the stresses and dipoles can be described into local coordinates as
where the over bar indicates variables on local coordinate. Global and local coordinates.
Therefore, the derivate term positioned at the right hand side of Eq. (26) can be evaluated on local coordinates applying the chain rule as 1 1
The first derivate term presented on right hand side of Eq. (29) is obtained according the cohesive criteria adopted, which relates cohesive stresses to crack opening displacements. The second derivate term of this equation is achieved using the result presented in Eq. (18). Then
Finally, the last derivate term positioned at the right hand side of Eq. (29) is achieved using the relations presented in Eq. (28). Then The tolerance to stop the iterative process within an increment of load is applied on the variation of the crack opening displacement corrections, i.e., 1 .
i i w w tolerance − − ≤ Moreover, it is worth to remark that the total crack opening displacement is always required to compute the local tangent operator for the next iteration.
Application
The three point bending test considered in this example is shown in Fig. 3 . The geometry is given by its length, 800 mm, height, 200 mm, and a central notch of 50 mm deep. The experimental results are shown in [8] , from where the following properties were obtained: tensile . In order to model the crack propagation in this structure, three cohesive laws were adopted: linear, bi-linear and exponential. The load was applied into 24 increments and the convergence has been verified with a tolerance of 10 -5 , based on the norm of non-equilibrated stress vector. The load displacement curves achieved in this analysis are shown in Fig. 4 , where the results obtained by the proposed formulation are compared with experimental and numerical [4] , available in literature. In this figure, the symbol TO indicates the curves constructed using tangent operator.
According this figure, good agreement is observed between experimental results and those achieved by the proposed formulation. Moreover, the results obtained by dipole' formulation are equivalent with those found by dual BEM formulation, indicating its robustness.
The tangent operator leads the use of less iterations to achieve the convergence. Table 1 shows a comparative of amount of iterations required for 
Conclusions
In this paper, the crack growth process in quasi-brittle materials has been studied. This complex structural problem can be modelled solving a nonlinear system of equations, which appears due to the dependency between crack opening displacement and cohesive stresses along the crack path. In order to simulate this nonlinear structural problem, BEM has shown to be an accurate and efficient alternative. An alternative BEM formulation, based on initial stresses field, is proposed in order to simulate the nonlinear effects caused by damaged zones present in narrow regions into the domains. It is worth to stress that the proposed formulation uses three algebraic equations to describe the crack mechanical behaviour whereas the classical dual BEM requires four.
Two iterative schemes have been applied to solve the nonlinear problem. The first one applies a constant operator, where all relevant matrices are kept constant along the iterative process. The second approach is developed by using a tangent operator. In this case, the derivate set of nonlinear equations is used and the problem is faster solved. The tangent operator has shown to be faster than the constant one. The use of tangent operator has shown to be always recommended to analyze crack propagation problems, particularly for the cases where the after pick region is reached.
